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Chira dé Toan diéu kién —vong 1 Chuyén Khoa hoc Tw nhién
Ngay 23/5/2026

Cau .

1) Ta c6 phwong trinh:

3x+32+30)2-x)(V2+3x—2¥2-x) =6.
Padta=3Y2+3x,b=3Y2—x.Khidda®=2+3x, b>=2—x, suy ra:
a*+3b3=(2+3x)+3(12—-x)=8.(1)
Mat khac, tr a® = 2 + 3x ta c6 3x = a® — 2. Thay vao phwong trinh da cho, ta dwoc:
a®> — 2+ ab(a — 2b) = 6.
a® + a?b — 2ab? = 8(2).
Tw (1) va (2), ta co:
a + a?b — 2ab? = a3 + 3b3.
a’b — 2ab? — 3b3 = 0.
b(a? — 2ab — 3b?%) = 0.
b(a —3b)(a +b) = 0.
Vay ta xét ba tredng hop.
Néub=0,thi¥Y2—x=0,suyra2—x=0,nénx = 2.
Néu a = 3b, thay vao (1) ta duoc:
(3b)% + 3b3 = 8.
Suy ra 30b® = 8, nén b® = =. Ma b® = 2 — x, do dé:

5 4
x—15.

L2
15
Néu a = —b, thay vao (1) ta dwoc:
(—b)? + 3b® = 8.
2b3 =8

b3 = 4.
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Taco b® =2 — x, do dé:
2—x=4.
x = —=2.

Vay phuwong trinh cé nghiém:

26
x € {—2; E; 2}

2) Ta c6 hé phwong trinh:

{Zx + 3y + 6xy =2,
3(4x?% + 9y?) = 6xy(4x? + 9y?) + 30xy + 12.

Dat a = 2x, b = 3y. Khi dé 6xy = ab va 4x* + 9y? = a? + b%. Hé da cho tré thanh:

{a +b+ab =2,
3(a? + b?) = ab(a? + b?) + 5ab + 12(1).

D&t S = a + b, P = ab. T¥ phuong trinh thir nhat, ta c6 S + P = 2, suy ra:
S=2-P.
Ta co:
a’ + b? = (a+ b)* — 2ab = §% — 2P.
Thay vao phwong trinh (1), ta dwoc:
3(S%2 — 2P) = P(S% — 2P) 4+ 5P + 12.
Thay S =2 — P, ta c6:
3[(2 — P)?2 — 2P] = P[(2 — P)?2 — 2P] + 5P + 12.
—P(P? — 9P + 27) = 0.
P(P? — 9P +27) = 0.
Xét phwong trinh P2 — 9P + 27 = 0, ta co:
A=(=9)2—-4-1-27=81-108=—27 < 0.
Vi vay phwong trinh nay vo nghiém. Do d6 P = 0. Khi d6 S = 2, suy ra:
a+b=2, ab = 0.
Do dé (a, b) = (0,2) hoac (a, b) = (2,0).
V6i (a,b) = (0,2),tac6 2x =0 va3y =2,suyrax =0,y = .

V&i (a,b) = (2,0),taco02x =2va3y=0,suyrax=1,y=0.
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Vay hé phwong trinh c6 nghiém:

(x,y) = (o,g), 1,0}

Cau Il.
1) Tim céac s6 nguyén x, y thda man dang thic:

8x3+27y3 =18xy +4x + 6y + 4
L&i giai chi tiét:

Bata = 2x va b = 3y. Vi x,y la cac s6 nguyén nén a va b ciing la cac s nguyén. Phrong
trinh ban dau dwoc viét lai thanh:

a>+b3>=3ab+2a+2b+4
= (a+b)*—3ab(a+b)—3ab—2(a+b)—4=0
Tiép tuc ddtS =a+bvaP =ab (V&i S,P € Z va diéu kién c6 nghiém S? > 4P).
Phwong trinh tré thanh:
§3—3SP—-3P—-25—-4=0
—3P(S+1)=53-25—4 (%

Dé& thay S = —1 khdng phai la nghiém cta phwong trinh vi khi d6 vé tréi bang 0, con vé phai
bang (—1)% — 2(-1) — 4 = —3 # 0.

V@i S # —1, ta rat 3P tr phwong trinh (*):

310_53—25—4
T S+1
3P_(S3+SZ)—(SZ+S)—(S+1)—3
B S+1
S2(S+1)—=S(S+1)—-1(5+1)-3
:>3P=( ) —S( ) —1( )
S+1
=3P=52-5-1 3
B S+1

Vi a, b 14 cac sb nguyén nén téng S va tich P phai la cac sb nguyén. Suy ra 3P ciing la mot s6
nguyén. Khi dé S + 1 la wdc cua 3. Tap cac woc cua 3 la: U(3) = {1,-1,3,—-3}.
e Trwonghopl: S+1=1= S =0.Thay vao biéu thirc ctia 3P:
—4

3
1 3
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(Loai vi P khéng phai la sé nguyén).

e Trwodnghop?2: S+1=-1= S =-2.Thay vao biéu thirc ctia 3P :
3 8
3P=(—2)2—(—2)—1—_—1=4+2—1+3=8=>P=§

(Loai vi P khéng phai 1a sé nguyén).

e Trwong hop 3: S+1=3= S =2. Thay vao biéu thirc ctia 3P :

3
3P=22—2—1—§=4—2—1—1=0:>P=0

(Théa man diéu kién P € 7).

e Trwong hop4: S+ 1=-3= S = —4. Thay vao biéu thirc ctia 3P :

3 20
3P = (4’ — (-9 -1-—5=16+4-1+1=20=P=—

(Loai vi P khéng phai la sé nguyén).
T trwong hop 3, ta cé hé:

b=
{ar=0

Theo dinh ly Vi-ét ddo, a va b la hai nghiém ctia phwong trinh bac hai:
t2—2t+O=O=>t(t—2)=O:>[§iO]

Ta c6 hai hoan vi cho cap (a, b) 1a (0,2) va (2,0).

e Khaniang1: Neua=0vah=2

=>{2x=0$ =
3y =2 y

w| NO

(Loai vi y phai la sb nguyén).
e Khanang2:Néua=2vab=0

{2x=2=>{x=1
~By=0"ly=0

(Théa man diéu kién x,y € 7).

Két luan: Cap sb nguyén (x,y) duy nhat théa man dang thie la (1, 0).
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2) Pit x; = ffyi? Véi i = 1,2, ...,6.

1

Chang minh —1 < x; < 1 véi moi s6 thuc y;. That vay:

. 2y; 1+y?-2y; i—1)?
o Xét:l-—x=1-2 VWD 5 g <1,
1+y; 1+y; 1+y;

. 2y; 1+y?+2y; i+1)2
° Xet 1+xl — 1+ ylz — yl Zylz(yl 2) 2
1+y; 1+y? 1+?

Oﬁle_l

Vay véi moi i, taco: x; € [-1; 1] = x? € [0;1].
Theo dé bai y, = ys vay, = v,
Suy ra: xo = xg Va x; = X;.
Thay an x; vao biéu thirc M, ta duoc: M = Y8, x? (x;41 — Xi—1)
Khai trién tong nay ra, ta co:
M = xf(x; — x6) + x5 (X3 — X1) + x5 (X4 — X3) + x5 (x5 — X3) + x5 (%6 — X4) + xZ (1 — Xs5)
= [xa(xf — x3) + x4 (xF — x8) +x6 (x5 — xD)] + [xa(x§ — x3) + x3(xF — x§) + x5(xF — x5)]
Pat P = x; (x§ — x3) + x3(xf — x§) + x5 (x§ — x¢)
Q = xp(xf — x5) + x4 (x5 — x8) + x6(x5 — x7)
Khido M = P + Q.
Xét biéu thirc thir nhat:
P = x,(xf — x3) + x4(x§ — x8) + x6(x — x)

Vi X3, X4, X € [—1; 1], nén ta c6 tinh chat co ban: v6i mot s6 thue X batky va k € [—~1; 1] thi k- X <
|X]. Ap dung vao P, ta dugc:

A< |xf —xd| + |x —xg| + |x§ —xf| (%)
Bay gio, taxét 3s6 A = x2, B = x2, C = x2.
Do x? € [0;1] nén 4, B, C € [0;1].
Gia sirtrong 356 4, B, C, ¢6 mot s6 16n nhat 1a max va mot s6 nho nhat 1 min.
VGiA=2B>C=(A-B)+(B—-C)+ (4A—C)=24~-2C = 2(max — min)
Tuong tu Vi cac treong hop con lai
Khi d6 biéu thic |A — B| + |B — C| + |C — A| = 2(max — min)
Do max < 1 va min > 0, ta suy ra:

|x2 — x2| + |x% — x2| + |xZ — x?| = 2(max — min) < 2(1 —0) = 2
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Tu do: P < 2.
Hoan toan twong ty d6i véi biéu thirc th hai:
Q = xy(xg — x3) +x3(x3 — x5) + x5(x§ — x§) < |x§ — 3| + |5 — xZ| + |xF — x¢
Vi x2,x2,x2 € [0; 1], ta cling chirng minh duoc: Q < 2.
Cong vé theo Vé, ta dugc:
M=P+Q<2+2=4
Dé M = 4, diu “=" xay ra khi: (xq, x, X3, X4, X5, X¢) = (1,0,—1,1,0, —1).

2y; R . , o
+3’li2’ ta giai ra dugc bo nghiém tuong trng cua y:

Thur lai: Thé vao cac phuong trinh dat an phu x; = -

Xg = 0= Vs = 0
xg = —1 = yg = —1 (Théa man dicu kién dé bai 12 y; 1 c4c s6 thuc bét k).

Két lugn:

Gia tri 16n nhat cua biéu thire M 12 4, dat duoc khi (Y1, V2, V3, Va, Vs, Ve) = (1,0,—1,1,0, —1) hoic cac
hoén vi vong quanh tuong tu.

Cau V.

1. Chtrng minh hai tam gidc BCQ va DMC dong dang
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Do ABCDIla hinh thoi nén ta c6

+ BQC = MCD (so le trong) (1)

+QBC = MDC (hai géc d&i bang nhau) (2)

Ttr (1) va (2), xét A BCQvaA DMCcé: BQC = MCD; QBC = MDC suy ra A BCQ ~A DMC (gg). (dpcm)

. .+ BN _ DM
2. Chttng minh 50— DR

Theo chitng minh cau 1: A BCQ ~A DMC suy ra % = % 3)
Vi ABCD la hinh thoi BC = DC = a. Thay vao (3) ta duoc: % = % suyra BQ - DM = a? (4)
XétA CBN va A RDC:
BCN = CRD (so le trong, BC || AD)
NBC = RDC (hai géc d6i bang nhau)
Suy ra: A CBN ~A RDC (gg).
BN a _ BN

N ? "’.2__ — —_— . = 2
Tir dong dang, ta suy ra ti so: =5 = or= g = BN-DR=a"(5)

Tir (4) va (5) ta suy ra: BQ - DM = BN - DR suy ra % = % (dpem)

3. Chirng minh dwéng thang CS di qua trung diém MN
B/

Goi I la giao BD va QR.
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+) Menelaus AAQR v&i B, 1, D thg hang:

QDR BA_ .. . 10_BQ
—_——— i — = > — = —
IR DA BQ ma IR-DrR @

+) AAQR:

_ 1 :
sinQAl _ Suo; AR 54Q-1Q-sinQ AR [Q -sinQ
SINRAI ~ Sagi - AQ 1AR_IR_SmR_AQ " IR - sinR

2

z sinQAI _ BQ-sinQ
Kethop (2) = SinRAI = DR-sinR ®3)

+) Lai c6:

_ 1 _
sinQAP _ Suop - AR 7A4Q-BQ-sinQ-AR  BQ -sinQ

C)

sinQAI _ sinQAP
sinRAI ~ sinRAP

+) T (3), (4) =

_se_e . g
SR =R Két hop vai (2)
_ Qe _Be
— (5
SR ~ DR ®)
+) AMDC ~ AMAQ
CM CM MD DM

6
CQ CM+MQ “MD+MA a ®)

Twong ty: Z—IZ = % (7)

+) Goi K la giao CS v&i MN, ta chirng minh K |a trung diém MN.
Qua M ké dwdng thang song song véi QR cét CS tai X.
Tw N ké duwdng thang song song véi QR cat CS tai Y

+) MX//SQ = ”;—g - E = MX = SQ - % (do(6))
Tuong t: NY//SR =3 === NY = SR- % (do (7))

MX _ SQ DM _ BQ DR
NY SR BN DR BQ

=1 (do (1),(9))

= MX = NY ma MX//NY (cung song song v&i QR)
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= MXNY la hinh binh hanh
Ma MN cét XY tai K = K trung diém MN

ma K € CS = Budng thang CS di qua trung diém MN (dpcm)

Cau V.
Ta tinh tdng sé do clia tit ca cac goc trén hinh vé 1a S.
Céach 1: Bém theo 2 loai diém:
e Loai 1: 5 diém clia ngii giac
S, = 540°
e Loai 2: 100 diém bén trong, tdng sd do cac goc ctia mbi diém 1a 360°
S, = 100 - 360°
=>5=5+S5,=180°(3+2-100) = 180°- 203
Cach 2: D&m theo sb tam giac Co6 t tam giac, mdi tam giac c6 tbng sb goc la 180°
= 5=180°-¢
= 180° -t = 203 - 180°
=t =203

= C06 203 tam giac.
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