Trung tdm Toan & Khoa hoc TP-edu.vn

Théy Té Cuong, cd Nguyén Téi, cd Ngoc Tran, thdy Pham Tuyén, thdy
Tuén Pat, thay Dinh Tung, thay Trinh Hiép & cong su.
Lién hé: 0349.705.576. S 2 ngd 95 Hoang C4u

Hon ca hiéu bai

PAP AN THAM KHAO PE CHUYEN TOAN THI VAO 10 HA NQI NAM 2026

Cau I.
1) Goi tap hop céc sb tu nhién nho hon 125 14 tap Q. Cac phan tir cua tap Q gom:
0 ={0;1;2;3;...; 124}
Suy ra s6 phan tir caa khdng gian mau la:
n(Q) = 125
Goi A la bién cb: “Sé dwoc chon viét diege duwéi dang téng cua hai sé chinh phwong lién tiép”.

Goi hai s6 ty nhién lién tiép la n van + 1 (n € N). Khi d6, s6 ¢6 dang tong hai s6 chinh phuong lién tiép s&
la: n? + (n + 1)%
Theo dé bai, s6 nay phai nho hon 125, ta c6 bat phuong trinh:

n? 4+ (m+1)2<125

2n®+2n+1<125

2n2 +2n—124 <0
n4+n—-62<0

Cac sb tinh dugc déu phan biét, do do tap hop céac két qua thuan lgi cho bién cé A c6 8 phan tir:

n(A) =8
X4c suét cua bién cd A la:
n(A) 8
P(A) = ——=—
W= =125

XA4c sut can tim 14 —.
125
2) Theo gia thiét, ta c6 hé diéu kién:

{a+b+c=0 @Y
a’?+c?2—4bc—2b+2=0 (2)

Tu phuong trinh (1), ta suy ra:
a=—(b+c)
Thay a = —(b + ¢) vao phuong trinh (2), ta duoc:

[-(b+ )] +c?—4bc—2b+2=0
b>+2bc+c?+c?—4bc—2b+2=0
b2 —2bc+2c?—-2b+2=0

Tién hanh nhém céc hang tir & xuat hién cac hang dang thirc dang binh phuong thiéu va dua vé binh
phuong hoan chinh:
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b? —2b(c+1)+2c*+2=0

[b2 —=2b(c+ 1)+ (c+1D?*]—(c+1)?*+2c*+2=0
(b—c—1)2—=(c>+2c+1)+2c?+2=0
(b—c—1%+c?=2c+1=0
(b—c—1?>+(c—-1)?=0

Vi (b — ¢ = 1)? = 0 va (c — 1)* = 0 véi moi s6 thuc b, ¢, nén tong ciia chiing bang 0 khi va chi khi ca hai
so hang dong thoi bang 0:

eI A

Thay b = 2 va ¢ = 1 tr¢ lai vao phuong trinh a = —(b + ¢), ta tim duoc a:
a=-2+1)=-3
Vi bo s6 (a; b; c) = (—3;2; 1), gia tri cua biéu thac M 1a:
M=a-b-c=(-3)-2-1=-6

Gia tri cua biéu thac can tim 1A M = —é.

Cau Il.

1) Tr gia thiét dé bai, ta bién d6i dang thuc thanh: n-abc =a* +b*+c?+1 (*)

Chung minh binh phuong ciia mot s nguyén chia cho 4 chi ¢6 thé du 0 hoic 1.
- Néu x chdn (x=2k), thi x¥* =4k’ =0 (mod4).
- Néu x Ié (x=2k+1), thi x* =4k* +4k +1=4k(k+1)+1=1 (mod4).

Ta xét cac trudng hop vé tinh chén ¢ cua a,b,c:

- Néu a,b,c déuchin: a®,b?,c? déu chia hét cho 4.
Khi d6 (a® +b? +¢* +1) chia 4 du 1 (1a s6 l¢).
Ma n-abc 1a sé chin (do a,b,c chin nén tich abc chin). (Vo ly) (1)
- Néu2sbchin, 16 1é: Gia st a,b chan, ¢ lé.
Khi d6 a* =0(mod4),b? =0(mod4),c¢* =1(mod4) = (a* +b* +c* +1)=0+0+1+1=2 (mod4).
Suy ra vé phai khong chia hét cho 4. Nhung n-abc, vi ¢d 2 s6 chan nén abc:4 = (n-abc):4.

Vé tréi chia hét cho 4, vé phai chia 4 du 2. (V6 1y) (2)
- Néucd 1sbchén, 2s6 1é: Gia s a chan, b,c Ié.

Khi 6 vé phai (a® +b” +¢* +1) =0+1+1+1=3 (mod 4) (la s I¢).
V& trai n-abc lai 12 s chin (do a chin). (V& Iy) (3)
Tu (1), (2) va (3) suy ra a,b,c déu phai la sb lé.

Ching minh: Binh phwong ctia moi s6 1¢ chia 8 luén du 1.
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- Vi x=2k+1,taco x* =4k (k+1)+1. Vi k(k+1) latich 2 sé nguyén lién tiép nén ludn chan, tic
la k(k+1):2= 4k(k+1):8. Suy ra x* =1 (mod8).

Ap dung tinh chat nay, ta c6: a’ =1(mod8) b’ =1(mod8) c’=1(mod8)
Suy ra a’+b*+c¢* +1=1+1+1+1=4 (mod8)
Nghia la vé phai c6 dang 8k +4 =4(2k +1) (v6i k 12 s6 tu nhién).
Thay vao (*), ta dugc: n-abc =4(2k +1)
Vi a,b,c déu la cac sd Ié nén tich abc 1a mét sb lé.
Chuang minh n chia hét cho 4:
- Tu n-abc =4(2k +1), vé phai chia hét cho 4.

Do abc la sé 1¢ nén dé tich (n-abc) chia hét cho 4 thi n phai chia hét cho 4.

Chtng minh n khéng chia hét cho 8:
- Gia sir phan chiing n chia hét cho 8 (n=8m).
Khi d6 (n-abc)=8m-abc s& chia hét cho 8.

Ma 4(2k +1) (hay 8K +4) lai chia 8 du 4, tirc 1a khong chia hét cho 8. (V6 ly)
Chung té n khong thé chia hét cho 8.
Két luan: n chia hét cho 4 nhung khong chia hét cho 8. (Piéu phdi chizng minh)

2) Thuc hién chia da thirc cho ca hai vé:

5
2 _2x4+4———=2y—-1+
x x x+2 Y

2y +1
=x?-2x+5-2 > + !
— —_ = ES3
o vzt ar O
Pitk=—+—"€7Z
x+2 2y+1

y, \ 3
Néuy = 0, phuong trinh ban dau tré thanh == = 0 = x® + 3 = 0 (V6 nghiém vsi x € N). Vay y >
5 5

1 1 X .
1=—<-Kéthopvoix =>0= <-
2y+1 — 3 ; x+2 T 2
Suy ra mién gia tri cua k:

0<k<5+1—17<3
=2 3 6

Do k € Z, ta chi c6 2 truong hop: k € {1,2}
Truonghop L: k =1
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5 1 5 1 2y
+ =1= =1- =
x+2 2y+1 x+2 2y+1 2y+1

=52y+1)=2y(x+2)=>10y+5=2xy +4y = 2y(x—3) =5

Diéu nay vo 1y vi 2y ludn 1a sé chin, trong khi cac uéc cua 5 déu 1a sb 1é. (Vo nghiém).

5 1 1 5
——=2- >2--==.
x+2 2y+1 3 3

Truong hop 2: k = 2 Vi —— < Znén
2y+1 — 3

=x+2<3=x<1

Dox € Nnénx € {0,1}

* e _ E 1 _ 1 __l N
Neux—0=>2+2y+1—2=>2y+1_ 2(Loalwyeiél\l).
e 5 1 1 1
*Neux=1=-+ =2= =-=2y+1=3=y=1
3 2y+1 2y+1 3

Thur lai cap (1; 1) vao biéu thuc vé tréi caa (*): 12 — 2(1) + 5 — 2(1) = 2. Két qua dung véi giatri k = 2.
Vay cap sé tu nhién (x; y) duy nhat thoa man la (1; 1)
Cau Il1.
1) Tacd:4n? + p3 4+ 4p2 —8p —32 =4n? + p*(p + 4) — 8(p + 4) = 4n? + (p*> — 8)(p + 4)
Theo dé bai, biéu thic ndy chia hét cho np + 4n = n(p + 4). Nén:
in’+ @ -8)@+4d i np+4 ()

Tu (x),suyradn®+ p?2—8)(p+4) : (p+4)ma(@?*—-8)(p+4) : (p+4)
n4n? : (p +4)
Truong hop 1: p = 2 Khi 46 p + 4 = 6. Thé vao (*), ta duoc:

4n’+(4-8)-6 i 6n=>4n* —-24 : 6n = 2n*—-12  3n

Suyra2n?—12 : 3=2n? : 3suyran : 3.Pitn =3m (m € Z*),tac6 18m? — 12 : 9Im =
6m? —4 i 3m. Tudo4 : 3m(voly) vim > 1 thi 3m khéng thé 1a uéc cua 4.

Vay p = 2 khong thoa man.

Trudng hop 2: p > 2 Vi p 1a s6 nguy@n t6 16n hon 2 nén p 1a sb 1, suy ra p + 4 la s6 1. Do d6, UCLN(p +
4,4) = 1. Ket hop véi 4n? @ (p + 4), tasuy ra:

n?2:(p+4) (1

Goid = UCLN(n,p +4).Patn=d.xvap+4 =d.y, véix,y € Z* va UCLN(x,y) = 1. Tur (1), taco
d’x? : dy = dx? : y.VIUCLN(x,y) =1nénd : y.Ditd = c.y (c € Z"). Khi do:

p+4=cy* (2)
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Quay tré lai diéu kién chia hét (), khi chia cho n(p + 4) ta phai dugc mot sb nguyén. Pat biéu thire d6 1a
K:
_4n?+ (*-8)(p+4) 4d’x*+ (p° —8)dy 4dx®+ (p® —8)y c

Z
n(p + 4) d?xy dxy

Thay d = cy vao biéu thuc trén:

K = 4cyx® + (p* —8)y _4cx® +p*—8

X €7
cy?x cyx

Dé K 1a sb nguyén, tir s phai chia hét cho mau sé. Pic biét, tir s phai chia hét cho c:
4ex? +p?—-8ic=>p?-8ic
Mat khac, tir (2) ta c ¢ = ”y—*“ Thé vao diéu Kién trén, ta duoc:
p+4
yZ
Taco: p? —8 = (p— 4)(p + 4) + 8. Khi do:

VVp-Hp+H+8] i p+H)=y*@-HP+4)+8y* i (p+4)

p?—8: =y*(p*-8) i (p+4)

Suy ra:
8y% i (p+4)
Vi p + 4 1asb lé nén UCLN(p + 4,8) = 1. Do dé:
y:i(@+4d

Tuy nhién, ta d3 biét p + 4 = cy?. Dé y? i cy? (V4i c nguyén duong), ta bat budc phai ¢ ¢ = 1.
Thé ¢ = 1 vao phuong trinh (2), ta co:
pté=y’=p=y"—4=0-2)0+2)
Vip lasd nguyén td va y — 2 < y + 2, nén bat budc nhan tir nho hon phai bang 1:
y—2=1=y=3
Thay y = 3 vao, ta tim duoc s6 nguyén tb p:
p=32—4=5 (Thoamain)
Baygiotaditimn. Véip =5,tacoy =3, c=1,suyrad =c.y =3.Llcnayp+4 =9vap? —8 =

N 2 2_
17. Didu kién 222278 ¢ 7 try thanh:

cyx

4x% + 17

€EZ = 4x*+17 : 3x
3x

Suyra4x?+17 i x = 17 i x. Vi x la sb nguyén duong va 17 1a s6 nguyén t nén x € {1;17}.
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e Nux=1=n=d.x=3-1=3.
e Nbux=17=n=d.x=3-17 =51.

Thr lai:

e Voicap (3;5): Thay vaotaduoc (4-9+ 17 -9):27 = (36 + 153): 27 = 7 (Thoa méan).
e Vaicap (51;5): Thay vao ta dugc (4 - 2601 + 17 - 9): 459 = (10404 + 153):459 = 23 (Thoa
man).

Vay c6 2 cap s6 nguyén duong (n; p) théa man yéu cau bai toan 1a (3; 5) va (51; 5).
2) - Tim gia tri nho nhét cua P:
T gia thiét a + b + ¢ = 2, ta phan tich:
2a=a(a+b+c)=a*+ab+ca
Thay vao P, ta duoc:

bc+2a+1 a*+ab+bc+ca+1 ab + bc + ca
= =14+———
a?+1 a+1 a?+1

Thuc hién tuong tu vai hai phan thirc con lai va cong vé theo vé ta duoc :

1 1 1
a2+1+b2+1+c2+1>
Via,b,c = 0nénab + bc + ca = 0. Mat khéac, ta ludn co:

1 4 1 4 1
a2+1 b%2+1 c?2+1

P=3+(ab+bc+ca)<

>0 voéimoia,b,c

SuyraP >3+ 0=3.

Déu “=" xdy ra khi va chi khi ab + bc + ca = 0. Két hgp voi diéu kign a + b + ¢ = 2 va céc bién khong
am, hé nay c6 nghiém khi hai bién bang 0 va mot bién bang 2. Ttc la (a, b, ¢) 1a mot hoan vi cua bo so
(2,0,0).

Vay gié tri nho nhat cua P 1a 3 xay ra khi (a, b, ¢) 1a mét hoan vi caa bo s6 (2,0,0).

- Tim gia tri 16n nhat cua P:

Tir phan chimg minh trude, Pat g = ab + bc + ca. Taco:

1
P:3+q( b2+1 c2+1>
<

Ta c6 bat dang thic: (a+ b +¢)? = 3(ab + bc+ca) = 4 > 3q = 0 qﬁg.

Bién dbi biéu thuc trong ngoac:
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1+1+1—3 a2+b2+C2
a?+1 b2+1 c2+1 a?2+1 b2+1 241
Ap dung Bét ding thirc Cauchy-Schwarz dang phan thuc, ta co:
a? N b? N c? - (a+ b+ c)? B 4
a?+1 b2+1 c2+1 7 a2+1+b2+1+c2+1 a?+b2+c%2+3
Mat khac, a? + b2 + ¢? = (a + b + ¢)? — 2(ab + bc + ca) = 4 — 2q. Do dé:

a’ b? c? 4 4
+ + > =
a?+1 b?2+1 c2+1 - (4—-29)+3 7-2q

Thay tro lai P, ta thu dugc danh gia:

)_ (17—6q) —6q% + 11q + 21
B 7 —2q

P<3 (3— =
tq 7—2q

7—2q
Ta s€ ching minh P < Z—z bang cach xét hiéu:

75 —6q*+11q+21  75(7 —2q) — 13(—6q? + 11q + 21)

13 7 —2q 13(7 — 29)
525 —150q + 78¢* — 143q — 273
B 13(7 — 2q)

_ 78q* —293q + 252

T 13(7-29)
_ 78q* — 104q — 189q + 252
B 13(7 — 2q)
_ 26q(3q —4) —63(3q — 4)
B 13(7 — 2q)

_ (4—3q)(63 —26q)

B 13(7 — 29q)

v A Lia 4 )
Vi dieu kién 0 < q =3 taco

e 4—-3q=0
. 63—26q263—26(§)=189;1°4=§>0
e 7-2027-2(3)="=2>0

Do tir s6 va mau sé caa phan thirc déu khéng am, suy ra hiéu sé trén > 0

—6¢” +11g+21 _75

: < —
7—2q 13
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P<75
f—t o
13

Diu “="xayrakhi4 —3qg=0=gq =§. Két hop véi gia thiéta + b+ c = 2,tasuyraa = b =c=§.
Vay gia tri I6n nhit caa P 1a Z—z xdyrakhia=b=c =§.

Cau V.

1) D& dang chimg minh NE=NB=NC nén N 1a tam duong tron ngoai tiép tam gidc BEC.
Ta c6 NE=NB nén tam giac NEB can tai N nén NBE = NEB (1)

Ma AABN = AACN (c.g.c) Suy ra NBE = ACN (2)

Tur (1) va (2) tacé NEB = ACN

Ma NEB + NEA = 180° suy ra NCA + NEA = 180°

Do d6: bon diém N, C, A, E cling thuoc mot duong tron.
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2) Goi M 14 hinh chiéu vudng goc cua O 1én dudng thing AB. Do O 13 tim dudng tron ngoai tiép day cung
BT, suy ra M 1a trung diém cua BT.

K¢ KP L AB tai PvaKQ L ACtai Q. Vi AK || BC va AH 1L BC nén AK L AH. Do AH la tia phén giac
trong ctia ZBAC, duong thang AK vudng goc v6i phan giac trong tai dinh A nén AK 1a duong phén giac
ngoai cua £BAC tai dinh A.

Vi K nidm trén duong phan giac ngoai nén khoang cach tir K dén hai canh AB, AC bang nhau: KP = KQ.
Xét hai tam giac vuéng AAKP va AAKQ c6

AK chung

KP = KQ (cmt)

suy ra AAKP = AAKQ (ch-cgv)

Suy ra AP = AQ.

Do K thudc trung truc CE nén KC = KE.

Xét hai tam giac vuéng AKPE va AKQC c6:

KE = KC (tinh chat dudng trung truc)

KP = KQ (cmt)

Suy ra AKPE = AKQC (ch-cgv)

Suy ra PE = QC.

Taco

PE =PA + AE

QC=AC-AQ=AB-AP (do AC=ABVvaAQ = AP).

Tu PE = QC (cmt)

SuyraPA+AE=AB-PA=2PA=AB-AE=PA=(AB-AE)/2(3)

Vi M la trung diém BT, F la trung diém ET, ta co:
MF=MT-FT=(BT/2)-(ET/2)=BE/2=(AB-AE)/2(4)

T (3) va (4) ta c6: MF = PA.

Ta co:

FP=AP+AF=[(AB-AE)/ 2] +[(AE-AT)/2]=(AB-AT)/2.
AM=AB-BM=AB-(BT/2)=AB-[(AB+AT)/2]=(AB-AT)/2.

Do do: FP = AM.

Xét hai tam giac vuéng AOMA (vuong tai M) va AKPA (vuong tai P) ta co:

20AM = £AKB (cung phu 2PAK)

Suy ra AAOM ~ AKAP (g-9)

OM/PA =AM /KP hay OM - KP =PA - AM.

Ma MF =PAvaFP =AM

Suy raOM - KP = MF - FP = OM/FP = MF / KP.

Xét AOMF va AFPK cé:

£0OMF = £FPK =90°

OM/FP = MF / KP (cmt)

Suy ra AOMF ~ AFPK (c-g-C)

Suy ra £ZOFM = 2FKP.

Ta cd: £OFK =180° - (£OFM + £KFP) = 180° - (£FKP + £KFP) = 180° - 90° = 90° (Ppcm).

3) Goi X 14 giao diém thir hai ctia duong thang TK véi dudng tron (O) ban kinh OB. Ta cin chiig minh X
nam trén dudng tron duong kinh NK, tirc 1a chimg minh NXK = 90°.

Ké OS L TK tai S. Vi O 1a tim duodng tron (O) ngoai tiép day cung TX nén S chinh 1a trung diém cua TX.
Taco AK// BC va AH L BC (duong cao) suy ra AK L AH.

Ta cd OA L AK hay 0AK =90° va NAK = 90°.

Mat khéc,
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- OAK =90° (cmt).

- OFK =90° (cmt).

- OSK =90° (do OS L TK). ’

Suy ra 5 diém O, A, F, S, K cung ndi tiép duong tron duong kinh OK.

Xét duong tron duong kinh OK dé dang chung minh: TA - TF =TS - TK.

Ma TF = = (do F la trung diém ET) va TS = = (do S Ia trung diém TX)

Do d6

TA-(5)=() - TK

=>TA -ET=TX:TK. ’
=> X nam trén duong tron di qua A, K, E ( ddy chinh 1a duong tron duong kinh NK do AENK ndi tiep va
AN vudng goc voi AK) Suy ra 3 duong trén déu di qua X

Cau V.

1) Taco: ax = a; +4a; (v6imoi 2 < k <nvalij<k).
Xét modul 2, ta cé:

ax = a; +4a; = a; + 0 = q; (mod 2)
Hay a, (voi k > 2) ¢6 cling tinh chan 1€ véi a; (i < k).

Tir d6 ta suy ra moi a; trong tap S déu cé cung tinh chan Ié véi a,.N6i cach khac, tat ca cac phan tu
ai, a,, ..., a, déu cé cung tinh chan lé.

Két hop i (i), ta ¢6 a,, = 2000 la mot s6 chdn nén tat ca céc phan tir con lai trong tap hop S ciing phi 12
S0 chan (dpcm).

2) T a = a; + 4a;, Xét modul 4, chung minh twong ty y 1 ta dugc:
a; = a; (mod 4)

Suy ra moi phan tir trong tap S déu c6 cling s6 du khi chia cho 4. Vi a,, = 2000 chia hét cho 4 nén moi phan
to a, € S déu chia hét cho 4.

Dit a;, = 4b, V&i by, € Z*, ddy by ting ngat: b, < b, < - < b, = 222

= 500. Thay vao (ii) ta co:
4by = 4b; + 4(4b;) = by, = b; + 4b; (1)
Chuang minh tuong ty bén trén, ta cd moi by, déu chia hét cho 4.
bit b, = 4c;, VGi ¢, € ZF, day ¢ tang ngdt: ¢; < ¢, < - < ¢y = ? = 125. Thay vao (1), ta duoc:
4cy = 4c; +4(4c) = o = ¢ +4¢

Lai chitng minh twong tu cho day c;: Ta cd ¢, = ¢; (mod 4), Ma ¢,, = 125 = 1 (mod 4). Tir d6 suy ra tat
ca cac phan tu ¢, déu chia 4 du 1.

Mac, <c, < - <c, =125 nén tap hop céc gié tri c6 thé co cua c,, 1 tap con cua tap hop sau:

M = {1,59,13, ...,125}
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Hon ca hiéu bai

Khi @6 sé lugng phan tur ti da cua day c,, 1a s6 lwong phan tir cua tap hop M
Hay n < 32.
Taxétn = 32:

Xét day ¢, = 4k — 3 v6i k = 1,2, ...,32 c6 dung 32 phan tir, ting ngit va ¢, = 4.32 — 3 = 125. V6i moi
k>2tachoni=k—1vaj=1.Khidéi<kvaj=1<2<k. Taco:

Croqg +4c; = [4(k—1)—3]+4(4x1-3)
=4k -7+ 4
=4k -3 =y
Thoa mén (ii)

Khi 6, diy a; duoc xac dinh bai a, = 16¢;, = 16(4k — 3) (véi k = 1, ...,32) thoéa man toan bo yéu cau
bai toan.

Vay gié tri 16n nhat cua n 1a 32.
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