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Cau .

1) 14 5V1—25x2 + VT + 5x + V1 — 5x = 4(3/(1 + 5x)2 + /(1 — 5x)?)

Tap xac dinh: x € R. Data = Y1+ 5x va b = V1 — 5x. T d6, ta c6 hai nhan xét quan trong:

o ab=73/(1+5x)(1-5x)=V1—25x2
e Tong lap phuong: a® + b® = (1 + 5x) + (1 — 5x) = 2

Thay a va b vao phwong trinh ban dau, ta dwoc:
1+ 5ab+a+b = 4(a?+ b?)
1+ 5ab + (a + b) =4[(a + b)? — 2ab]
1+13ab+ (a+b) —4(a+b)2=0
PatS=a+bvaP =ab. Tacohé:

1. 1+13P+S—-45?=0=13P=45>-5—1
2. a3 +b3=53-35P=2=35P=5%-2

Nhan hai vé ctia phwong trinhi(1) v@i'3$, ta. duoec:
13(3SP) = 35(4S%2 — S — 1)
Thay 3SP = S3 — 2 tlr phwong trinh (2) vao:
13(S3 —2) = 1253 — 352 - 3§
1353 — 26 = 1253 - 35 - 3S
S3+352+35—-26=0
(S +352+3541)—27=0
(S+1)3 =27
S+1=3=85=2
V&i S =2, thay vao (1)tacé: 13P =4(2)2—-2—-1=13=P =1.Tacé hé {Zb-l-:bl: 2 Theo

dinh ly Vi-ét dao, a, b 1a nghiém ctia phwong trinht? -2t +1=0= (t—-1)?=0=>1t = 1.
Suyraa=1vab =1.

Suyray1+5x=1=1+4+5x=1= x = 0. (Th¥lai x = 0 vao diéu kién b = 1 ciing thod
man Y1 -0 = 1).

Phwong trinh c6 nghiém duy nhét x = 0.
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Cau .

2)
{x3 +8y3+6xy+x=3x*+4y)+1 (1)
x3+2=x*+2y (2

Patx=u+1valy=v+1.
Thay vao phwong trinh (1):

uw+1}+@w+1D3+3w+ D@+ D)+ @w+1)=3w+1D*+3w+1)?+1
Khai trién hai vé:

e VT:(w3+3u?+3u+1)+ @ +3v2+3v+1)+@Buw+3u+3v+3)+u+l1=ud+
v3+3u?+3v +3uww+7u+6v+6

VP:3(w?+2u+1)+3w?+2v+1)+1=3u?+3v2+6u+6v+7

Suy ra

W+ 3 +3uw+tu—1=0 (%)
Thay vao phwong trinh (2):
u+1D)3+2=@w+1D*+@w+1)
W+3u*+3u+1D)+2=W*+2u+1)+v+1
v—1=u*+2u’*+u
v—1=u(u+1)? (*x)
ta co:
W+ 3 +3uww—-1=@w+v—-DW?+v?+1-uw+u+v)
Thé vao (»), ta duoc:
u+v-DW+v —w+u+v+1)+u=0
tacdu+v—1=u+u(mw+1?=uf(u+1)?+1].

u[(u+ 1?2 +1]w? +v? —w+u+v+1)+u=0
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u-[((u+D?*+1)- W+v> —w+u+v+1)+1|/=0

“

1
u2+v2—uv+u+v+1=§[(u—v)2+(u+1)2+(v+1)2]20 vu,v € R

Vi ((u + 1)? + 1) > 1 va biéu thire trén > 0, nén toan bd cum:
(u+1D?+1D) - W +v? —w+u+v+1)+1=>21>0
Phwong trinh chi xay ra khi:
u=20

Thayu=0vao (),tacov—1=0=v =1,
Tra lai bién ci:

e x=u+l=x=1

o 2y=v+1=>2y=2=y=1
Hé phwong trinh c6 nghiém duy nhat (x; y) = (1; 1).
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Cau Il
1) Chirng minh rang khi x = y thi khéng tén tai z théa man phwong trinh.
Thay x = y vao phwong trinh ban dau, ta dwoc:
(3 +x)(x3+x) =32
= x?(x* +1)2 =37
Ta xét tinh ch&n I& cta hai vé phwong trinh:

e Vétrai: Taco x? vax? + 1 la hai s6 nguyén lién tiép , ludn c6é mét sbé 1a sb chan. Do
do, tich x%(x2 + 1) luén ludn la mot s6 chan.

e Vé phai: Vico sbla3(sblé) nén véi moi sd nguyén duong z, ldy thira 3% lubn lubn 1a
mot sb 1.

Diéu nay dan dén vo ly. Vay khi x = y, khong ton tai z thda man phwong trinh. (BPCM)
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Cau Il.
2) Tim tat ca cac bo (x,y,z) théa man phwong trinh v&i x > y

Xét phuong trinh: (x2 + y)(¥® + x) = 3%. Vix,y € Z* nén x* + y va y* + x déu phai la cac
IGy thira cia 3. Dat hé:

{x3+y=3m
y34+x=3"

(véim,n€Z*vam+n = z).

Vix>y=>1=x3+y>y3+x=3">3"=m>n>1.

Do dd,3m:3" = (x3+vy): (y®+x)
X+y=&+y) -0 - =&+yHE -2y  +y°) —y(y® - 1)

Vi (x+y)x%2—xy3+y9):(x+y3nén: y@:-1):(x+y?)

=y@*-1:i3" (0
Gidstry:3,daty =3°-d (v&ic > 1vad khdng chia hét cho 3).
Khi d6 y® — 1 = (3°d)® — 1 = —1 (mod 3), tirc 1a (y® — 1) khong chia hét cho 3.

T (%) suy ra toan bo ldy thira cia 3 phai nam trang v, tkc 12y 3" = y > 3™ Tuy nhién, ta
lai c6 gia thiét y° < y® + x = 3" = y < /3% < 3™ (mau thuan). Vay y khéng chia hét cho 3.

Do (v,3) = 1, tlr (*) ta bat budc phai co:
y8 —1:3"

Phantich: y® — 1= (y — 1)(y + 1)(¥* + 1)(y* + 1). Vi y khong chia hét cho 3 nén y chia 3
dw 1 hoac —1.

e y2=1(mod3) = y?+1 =2 (mod 3) (khdng chia hét cho 3).

e y*=1(mod3) = y*+1=2(mod3) (khong chia hét cho 3). ‘

e Xeéthiéu (y +1) — (y — 1) = 2 khdng chia hét cho 3, nén 3 khong thé dong thoi la woc
cita(y—Dva(y+ '1). Suy ra trong 4 thira s trén, chi c6 duy nhat mét thira sé chira
phan tich ra thira s6 nguyén té cé co sb 3. Do d8, 3" phai la wéc cha (y — 1) hodc

v+ 1.
Trweong hop 1: 3"lawdcciay — 1

Néuy>1=y—1>0.Khidoy—12=3"=y>3" Diéu ndy mau thudn voi danh gia y* <
3" & trén. Vay bat buéc y —1 =0 = y = 1. Thay y = 1 vao hé ban dau, ta co:
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{x3+1=3m
1+x=3"

Tw phwong trinh trén, ta c6 :
x+DE*P-x+1)=3"=3"x*—-x+1)=3"=x*—x+1=3""
Thé x = 3" — 1 vao phwong trinh bac hai:
(3"—1)2—(3"—1)+1=3m™"
=3 —2.3"4+1-3"+2=3m"
= 3(321 -3 4 1) = 3m"

Vin = 1 nén biéu thirc trong ngoac (32"~ — 3" + 1) chia 3 dv 1. Dé tich nay la Iy thira cla
3, thi ban than ngoac nay phai bang 1:

=3l _3ny41=1=3"1=3"=2n-1=n=>n=1
Thé n = 1vao phvongtrinhx+1=3"=x+1=3 = x= 2.
Khids, x3+1=234+1=9=3*=m=2.Tongz=m+n=2+1=3.
Thevlai: (23 +1)(1° +2) =93 =27 = 33 (Théaman).
Trwong hop 2: 3™ la woc cua y +1.
Viy=21=y+1>0,nény+1>3"Tacokep:y3<y3+x=3"<y+ 1.

=13<y+1=93-y-1<0

V@i cac sb nguyén duong, néuy > 2thiy® —y—-1>8-2—-1=5> 0 (vo ly).

Vaychicothdy =1 =y +1 = 2. Ma 3" la wéc cla 2, diéu nay vo ly vi véin > 1 thi 3" >
3 > 2. (Trwong hop nay vd nghiém)

Két luan: B6 sb nguyén duong (x,y,z) duy nhat thda man phwong trinh véi x > y la
(2,1,3).
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cau Ill.
Tacda+b+c+d=1,dodébiéuthirc S dwoc viét lai thanh:

S=Ya*(a+b+c+d)—Ya®=Ya*(1-a)
B& dé: Voi moi c,d 2 0 théaman ¢ +d < 2, ta ludn co:

c*A-co)+d*(1—-ad) < (c+d)*1—-(c+d)]
Ching minh: Détu=c+d>=0vav=cd>0. Tacov <.
Bt déng thrc can chirng minh twong dwong véi:

(c+dY—c>—d°<(c+d)*—c*—d*
Tacéc?+d?=u?—2vvac®+d®=u®—3uw:
& 5cd(c® +d3) +10c?d?(c + d) < 4cd(c? + d?) + 6c¢2%d?
& 5v(ud — 3uv) + 10uv? < 4v(u? = 2v) + 6v?
& 5udv — Suv? < 4ulv — 2v?

+)Néu v = 0, BDT hién nhién dung.
+)Xét v > 0, chia ca hai vé cho v

S5ul —Suv < 4u-2ve v2-5u)+u*(Gu—4) <0 (¥

, 2
Trwong hop 1: NéuuSE,taC()Z—SuZO. Do v < = nén:
g hop 5 7

u? u? u?
VT (%) SZ(Z—Su)+u2(5u—4) =Z(2—5u+20u—16) =Z(15u—14)

Viu<Z<—inéni5u—14<0= VT (x) <0.

Truwdng hop 2: Néu§<us§,tacéz—5u<O=>v(2—5u)SO.
laicoSu—4<5(3)-4=-2<0=u(5u-4 =<0

Cong vé theo vé = VT (x) < 0 (dpcm).

Ap dung bé dé:

Khéng mét tinh tdng quét, gid sta>hb =>c>d > 0. Dotdbng4 sbbanglnénc+d <-<

Ap dung Bb dé cho c va d, ta co:

N |-
wIlN

S<a*l—-a)+b*(1-b)+x*(1—x) Vvéix=c+dvaa+b+x=1
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Theo nguyén ly Dirichlet, trong 3 s6 a, b, x c6 tdng bang 1, ludn ton tai 2 sb c6 tbng < %

Gia st hai s6 d6 1a b va x, ap dung B dé cho cép nay, ta dwa bai toan vé 2 bién X,Y >0
thbaman X +Y = 1:

S<X*(1-X)+Yv*(1-Y)
Dol—-X=Yval-Y =X, taphan tich:

S<XYW XY =XY(X3+Y3) = XY(X + V)(X2 — XY + Y2)S < XY[(X + Y)? — 3XY]
= XY (1 - 3XY)

Ap dung BBT AM-GM cho 2 s6 khéng am 3XY va (1 — 3XY):

(XY +1-3X7)%2 1 1
=->5S5<—

3§ <3XY(1 =3XY) <
B ( )= 4 4 12

DAu “=" xay ra khi va chi khi: 3XY = 1 —3XY < XY ==

, X+Y=1
Két hop hé phuong trinh xy =1 o

Theo dinh ly Viéte dao, X va Y la nghiém cta phwong trinh T2 — T + % =0T-=

3+V3 3-V3
)

Vay maxS = % dat dwoc khi (@, b,'e/d) 1a mothoan vicliabo'sd ( 6 ; 0; 0)
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Cau V.
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1) Chieng minh rang KQB = BCD
Goi E la giao diém cua dwdng thang QB va dwéorng thang AD.

Vi PAQB la hinh binh hanh nén QB || PA. Theo gia thiét PALAD, suy ra QB_LAD, do d6
AEB = 90°.

Xét tam giac vubng ABE vubng tai E, ta co:

ABE = 90° — BAE
T& gidc ABCD ndi tiép dwdrng tron (0) suy ra BAD + BCD = 180°.
Ngoai ra ta co:

BAE = 180° — BAD = BCD

Thay vao trén, ta duwoc:

ABE = 90° — BCD
Mat khac, K 1& hinh chiéu vudng goc cia Q 1én AB nén QKB = 90°.
Xét tam giac vuong QKB:

KQB =90° — QBK = 90° — ABE = 90° > (90° — BCD) = BCD

Vay KQB = BCD (dpcm).
2) Chirng minh rang % = %
Ta chirng minh twong tw y 1: Goi giao diém clia QA va BC 1a F.
Do QA || PB va PBLBC nén QALBC. Tlr d6 suy ra KQA = ADC.
Trong tam giac vuéng QKB, ta c6: KB = QK - tanKQB = QK - tanBCD

Trong tam giac vudong QKA, ta cO: KA = QK - tanKQA = QK - tanADC

Suy ra:
KB tanBCD
= (D
KA  tanADC

Ké HML1AD (M € AD) va HNLBC (N € BC).

Ké PILHM (I € HM) va PJLHN (] € HN).

Vi PALAD va HM1LAD nén PA || HM.

Cung véi PILHM, t& giac PAIM la hinh chr nhat.
Suyra PA=MI=HM — HI.
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Trong tam giac vudng HMD, HM = HD - sinADC.

Vi PHLCD va HM1AD, ADC la gbc giita hai dwong thing
Do d6 trong tam giac vudng PHI, ta c6 HI = PH - cosADC.
Tl d6: PA = HD - sinADC — PH - cosADC.

Twong tw: PB = HC - sinBCD — PH - cosBCD.

Theo tinh chét hinh binh hanh PAQB, QA = PB va QB = PA. Lai c6 QK = QB - cosKQB = PA -
cosBCD va QK = QA - cosKQA = PB - cosADC. T d6: PA - cosBCD = PB - cosADC = % =

COoSADC
cosBCD’

Bién ddi hé thirc cia PA va PB:

HD - sinADC = PA + PH - cosADC

HC - sinBCD = PB + PH - cosBCD

Xét ti s6:
cosADC i
HD - sinADC _PA+PH - cosADC B PB cosBCD + PH - cosADC _ cosADC
HC - sinBCD  PB +.RHg¢osBCD =5 | “PBét PH - cosBCD  cosBCD
Do d6:

HD sinBCD - cosADC B tanBCD
HC  sinADC - cosBCD tanADC

(2)

N N HD KB
Tw (1) va (2), suy ra e T (dpcm).
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3) Chieng minh rang cac diém D, C,K, L cung nam trén mét dwong tron.
Céch 1:

Goi X 1a giao diém cla hai dwéng thdng AB va CD.

Vi DR || AH, do A6 S ry = Saup- Twong tw, CR || BH = Sgry = Sguc-

Vi L |a giao diém cla RH va AB, theo ti sé dién tich chung day RH:

ﬂ — SARH — SAHD
BL SBRH SBHC

K& hy, hy 1an lwot 1a khodng céch tir 4, B xubng dwdng thang CD. Ta c6:

SAHD=%HD.hA Vé SBHC:%HC.hB

Suy ra; & = HPta _ HD T
BL HC-hg  HC hg
Mat khac, do X = AB n CD, theo dinh Iy Thales ta c6 -4 = 72 Tir do:
B
AL - HD XA
BL HC XB
Theo chirng minh & cau 2, ta ¢o ot on, suy-ta 4€ 2 K Nhdn hai fi s6 lai, ta dwoc:
KB HD BK HD

AL AK (HD XA) (HC) XA

BL BK \HC XB) \HD/ XB
Thay AL = |XL — XA|, BL = |XB — XL|, AK = |XK — XA|, BK = |XB — XK| , phwong trinh trén
twong dwong voi:

XL—XA XK—-XA XA
XB—XL XB—XK XB

Nhan chéo va khai trién:
XB - (XL-XK—XA-XL—XA-XK+ XA?) = XA-(XB?>—XB-XK — XB - XL + XL - XK)
Gian wéc hai vé cac cum dai lwong —XA - XB - XL va —XA - XB - XK, ta thu dwoc:
XB-XL-XK + XA? -XB = XA-XB?* + XA - XL - XK
& XL - XK - (XB — XA) = XA-XB - (XB — XA)
ViA # Bnén XB — XA # 0, do do:
XK -XL = XA-XB

Theo tinh chét cla t&r giac ndi tiép ABCD, giao diém X cla hai cat tuyén XAB va XDC thda
man phuwong tich dwong tron:
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XA-XB=XC-XD
Tl hai diéu trén, ta co:
XK - XL =XC-XD

Hé thirc nay chirng t6 phwong tich cla X doi voi dwong tron di qua 4 diém D, C, K, L 1a bang
nhau. Do do, 4 diem D, C, K, L cung nam trén mot dwdng tron (dpcm).

Cach 2:
I :
{
B L
i \ - i
] N

/'/ / . )
ot o Y ca hieu/b: \
I WO e SR

C) Goi (AHB) cit CD tai J khéac H. Taco
LRDC=£AHD=£JBA, £RCD=/BHJ=¢JAB

—AJAB~ARCD

¢cb_RC . . . KA_HC_CD_HC
:>_=_ _=_$_=_
AB g4 T Y HDT AB KA
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RC HC
= — =
JA4 KA

=ARHC ~AJKA
=/RHC=£JKA hay tir gidc JKLH ndi tiép.

Sir dung bé dé: ABCD la tt giac noi tiép, AB cét CD tai I.

ABCD la tir giac noi tiép (=) I4.IB=IC.ID

Goi CD cit AB tai I, tir cac tir giac JKLH, ABJH va ABCD noi tiép, suy ra IL.IK=IH.IJ=IA.IB=IC.ID

=KLDC ndi tiép.
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Cau V.

Goi M la gia tri I&n nhét trong day sé da cho, ¢, la s6 14n xuét hién cuta gia tri v trong day sbé
1<v<M).

Vi day c6 600 phan t&, ta cé phwong trinh:

M

ch — 600

v=1

Dé tao thanh mot bd (a;, aj,a,) VOi i <j<kthéaména; =a; +1vaa, =a; +1, bagiatr
cla day tai cac vi tri d6 phai lan lwotla (v,v + 1,v + 2).

V&i mét gia tri v cu thé, sd lwong bod ba Ién nhat dat dwoc khi cac phan tlr trong day xuét
hién theo cum tang dan (tat ca so v dirng trwdc sO v + 1, sO v + 1 dirng trwdc sO v + 2). Khi
dé, Sé bé taO thanh |é C'l] ° C'l]+1 ° C1]+2'

Do d6, téng sé bd m ludn bi chén trén béi tong cac tich:

M-2
m= Z Cy Cy+1Cv+2
v=1

Chia céac bién c, thanh 3 nhém 4; B, € dua theo s6 dw.clia chi séw khi chia cho 3:

e A= Z3k+1sM C3k+1
® B = Y3ki2em C3k42
o C = Y3k<mCax

Tbng ctia ba nhém nay chinh |a tdng sé phan tt cla day:

M
A+B+C=Zc,,=600

v=1

Trong m&i s6 hang ¢, cy+1Cp42, ba Nhan ti twong ng voi 3 s6 nguyén lién tiép. Do do, theo
tinh chat dong dw, 3 nhan t&r nay ludén roi vao dung 3 nhdm phan biét A, B va C.

Vi t4t ca céac ¢, > 0, tbng cla cac tich thanh phan sé& khéng bao gi& vvot qué tich cha tdng
cac nhom:

M-2
Z Cy Cp41Cps2 <A-B-C
v=1

S dung bat dang thirc AM-GM cho 3 sé thwe khéng am 4, B, C:
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A+ B+ C\3
meancs ()

Thay A + B + C = 600 vao, ta thu dwoc:

600>
m< (T) = 2003 = 8000000
Dau“="xdyrae A =B = C = 200.
Chon ¢, = 200, ¢, = 200, ¢3 = 200 va ¢, = 0 v&i moi v > 3.

Day s0 toi wu la day dwoc sép xép tang dan, gébm 200 so 1, tiép theo la 200 s6 2 va cudi
cung la 200 so 3:

(1,,1,2,..,2,3,...,3)
250 260 260

S6 bd (a;, a;, a;) théa man diéu kién dé bai cho day nay la 200 x 200 x 200 = 8 000 000.
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