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Hon ca hiéu bai

PAP AN THAM KHAO PE CHUYEN TOAN(TIN) THI VAO 10 HA NQI NAM 2026

Caul l.

1) Goi 4 vién bi trong hop lan luot 1a: X (mau xanh), D (mau do), T (mau tim), V (mau vang). Khi ldy ngau
nhién ddng thai 2 vién bi tir trong hop, cac két qua co thé xay ra la cac tap hop gdbm 2 vién bi:

{X' D}; {X' T}; {X' V}; {B' T}; {B' V}; {Tv V}

Nhu vay, c6 tat ca 6 két qua co thé xay ra. Do céac vién bi c6 cung kich thudc va khdi luong nén cac két qua
nay la dong kha nang.

Bién ¢ A: “Lay dwoc 2 vién bi trong dé c6 vién bi mau xanh”. Cac két qua thuan loi cho bién c6 A 1a céc
tap hop lay ra 2 vién bi cé chira vién bi X, bao gom:

{X,b}{X, T} {X,V}
Nhu vay, ¢ 3 két qua thuan loi cho bién cé A.
X4c suét caa bién cb A Ia:;
1

3_
6 2

peay =" _

n()

X&c suat can tim 1a %

2) Theo gia thiét, a, b, c 1a cac sb thuc duong thoa man:
2a? + 2b% 4+ c? —2ac —2bc =0
4a? 4+ 4b% + 2¢?> — 4ac — 4bc =0

(4a* — 4ac + c?) + (4b* —4bc +¢*) =0
(Qa—c)>+@2b—-¢)>=0 (%
Ta co:

{(Za_c)z20:>(2a—c)2+(2b—c)220

(2b—¢)2=0
Do d6, ddu “=" & phuong trinh () xay ra khi va chi khi ca hai s6 hang déng thoi bang 0:

2a—c=0 c=2a
{ {

dh—c=0 le=gpla=2b=c

Tudosuyraa=»>b =§. Mt khac, Vi a, b, c 1 c4c s6 thuc duongnénc >0 =c+1>0=c+1# 0
(¢am bao mau s caa P ludn khac 0).

Thay a = %va b= %vao biéu thuc P, ta co:

¢
2
+1 2-5+1 ¢+l
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Két luan: Gia trj cua biéu thacla P = 1.

Cau Il.

1) Theo dé bai, a va b 1a cac s6 nguyén duong.

Taco: a’—b’=(a—b)(a*+ab+b*) ()

Vi a®—b® 1a s nguyén td, nén a>b, suy ra a—b>0.
Do a,beZ' nén a®+ab+b?*>1*+1-1+1* =3.

Taco a’+ab+b*>a-b.
S6 nguyén t chi c¢o dung hai wdc nguyén duong 1a 1 va chinh né nén: a—b=1=a=b+1
Thay a=b+1 vao lai biéu thirc (*), ta duoc:

a®—b® = (b+1)*—b® = (b° +30° +30+1)—b* =30° +30+1=30(b+1)+1
bat P =3b(b+1)+1+2027 =3b(b+1)+2028

Vi b va b+1 1a hai s6 nguyén duong lién tiép nén b(b+1):2.
Suy ra 3b(b+1)i(3-2) hay 3b(b+1):6.

Mat khac 2028 =6-338.

Suy ra P:6 hay (a°—b°+2027):6 . (Diéu phai chimg minh)

2) Tim tat ca cac cap s6 nguyén duong (x; y) thoa man:
3¥*¥-1=2-137
Viy > 1nénvéphai: 2-13Y = 2-1Y = 2 (mod 4). Gia st x chin, dit x = 2k (k € Z*), ta c6 Vé tréi:
32k —1=9%¥—-1=1%¥-1=0 (mod 4)
Diéu nay vo Iy vi 0 £ 2 (mod 4). Do dé, x bat bugc phai 1a s6 1é
Lai c6:
3* —1=0(mod 13) = 3* =1 (mod 13)
Ta c6 chu ky s6 du cua liy thira 3 khi chiacho 13 1a: 3' = 3,32 =9, 33 = 27 = 1 (mod 13).
Pé 3* = 1 (mod 13) thi x phai chia hét cho 3.
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Vi x & va chia hét cho 3, dat x = 3k (vai k 1a s nguyén dwong 1¢). Phuong trinh trg thanh:
3% —1=2-13Y
BF—1DB*+3k+1)=2-13
Goi d = UCLN(3% — 1,3%F + 3k + 1). Ta co:
d = UCLN(3* — 1,(3* — 1)(3* + 2) + 3) = UCLN(3* — 1,3)
Vi 3% — 1 khéng chia hét cho 3 nén d = 1. Suy ra hai nhan tir vé trai 1a nguyén t6 cuing nhau.
Mt khac, vi k 1¢ nén 3*¥ = 3 (mod 4) = 3% — 1 = 2 (mod 4).

Tuc 1a (3% — 1) 12 s6 chan khong chia hét cho 4, con (32% + 3% + 1) 1a s6 1. Vi hai nhan tir nguyén té cling
nhau va cé tich bang 2 - 13”, ta bat budc phai c6 hé:

{3k—1=2
3% 43k 41 =137

Tu phuong trinh thir nhéat, ta co:
3=3=k=1
Thay k = 1 vao phuong trinh thir hai:
32431+41=13=>13"=13=y=1
Véi k = 1,tacod x = 3k = 3. Thir lai vao phuong trinh ban dau: 3% —1 = 2 - 13! © 26 = 26 (théa man).
Vay cip s6 nguyén duong duy nhat thoa man bai toéan 1a (x; y) = (3;1).
Céau I11.

a3+b3+27¢3

1) Tir gia thiét ab = 6¢2 = 9abc = 54c¢3. Dat P = .Tacd 2P = a® + b3 + 27¢3
Ap dung hang dang thiac x3 + y° + 23 —3xyz = (x + y + 2)(x% + y? + 2% — xy — yz — zx)
Véix =a,y=>b,z=-3c:
a® + b3 + (—3¢)® — 3ab(—3c) = (a + b — 3c)(a® + b? + (—3¢)? — ab — b(—3¢) — (—3¢)a)

= a® + b3 —27¢3 + 9abc = (a+ b — 3c)(a? + b? + 9¢? — ab + 3bc + 3ca)

Thé 9abc = 54c® vao Vé trai:
a® + b3 —27¢3 + 54¢® = (a+ b — 3c)(a? + b? + 9¢? — ab + 3bc + 3ca)
= 2P = (a+ b — 3c)(a® + b?> + 9¢% — ab + 3bc + 3ca)

bit A = a? + b?> + 9c? — ab + 3bc + 3ca :
Z  3p2
A:(a_f) +T+9c2+3bc+36a

Vi a, b, ¢ 1a céc s nguyén duong (a = 1,b > 1,¢ > 1), ta co:
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° (a—g)ZZO
° ¥>0

e 9c2+3bc+3ca = 9(1)% +3(1)(1) + 3(1)(1) = 15
Do d6,A > 15> 2
Mt khac, vi P 12 s6 nguyén té nén cac udc sé nguyén duong caa 2P chi thudc tap hop {1,2, P, 2P}.

Vi2P = (a+b—3c)-AvaA > 2,suyraAkhong thé nhan gia tri 1 hodc 2. Suy ra A € {P, 2P}, nhan ti
con lai bat buoc phai nhan cac gia tri 1a 2 hoac 1.

Tic la:
a+b—3c€{1,2}

e Truonghopl:ia+b—3c=1= a+b=3c+ 1. Két hop vdi gia thiét ab = 6¢?, theo Viéte dao,
a va b 1a hai nghiém cta phuong trinh:

X2=@Bc+1DX+6c2=0
Pé ton tai a, b, phuong trinh phai c6 A > 0:
A=(3c+1)?—24c? = —15¢> +6c+1 20
Taco: —15¢2+6c+1=-9c?2—6¢c(c—1)+1.Vic=1nénc2>1vac(c—1)=0.

Do d6: —15¢2 4+ 6¢c 4+ 1 < —9(1) — 0+ 1 = —8 < 0. Piéu nay mau thuan véi A > 0. Vay trudng hop nay
vO nghiém.

e Truonghop2:a+b—3c=2= a+ b =3c+ 2.L0Uc nay, a va b la hai nghiém cta phuong trinh:
X2—(Bc+2)X+6c2=0
A= 3c+2)?>—24c?>=—-15¢2+12c+4 =0
A=4—-3c(5¢c—4)

Néuc>2:Tac63c > 6va5c—4>6= 3c(5¢c—4)>36.KhidoA <4 —36=—32< 0 (Phuong
trinh vé nghiém).

Do d6, gia tri nguyén duong duy nhat thoa man diéu kien A > 0 lac = 1.
Thayc =1vao A, taco A = —-15(1) + 12(1) + 4 = 1 > 0 (thoa man).

Phuong trinh tro thanh: X2 — 5X 4+ 6 = 0. Giai phuong trinh ta dugc X = 2 hodc X = 3. Suy ra (a,b) =
(2,3) hoic (a,b) = (3,2).

Ther lai vé6i (a, b, ¢) = (2,3,1) hoic (3,2,1), ta thay vao biéu thic P:

_23+33+27-13_8+27+27_62_31
B 2 B 2 2

Nhan thdy 31 la mét sé nguyén té, thoa man yéu cau bai toan
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Vay cac bo sé nguyén duong (a, b, ¢) can tim 1a (2,3,1) va (3,2,1)

2) V6i a, b, ¢ 1a cac sb thuc khdng &m thoa man a + b + ¢ = 3, tim gia tri 16n nhat va gié tri nho nhét cua
biéu thuc:
a? b? c?

T:bc+2a+3+ca+2b+3+ab+2c+3

- Tim gia tri nho nhat cua T
Ap dung Bét ding thirc Cauchy-Schwarz dang phan thc, ta c6:

_ (a+b+c)? 3 9
~(ab+bc+ca)+2(a+b+c)+9 ab+bc+ca+15

(a+b+c)?

Mat khac,tacod: ab + bc + ca < =3.Suyra:ab + bc+ca+15<3+15=18. Tu do, ta co:

T>9
~ 18

Diu“="xayrakhia=b =c = 1.

Vay gié tri nho nhat cua T 1a % xayrakhi a=b=c=1

- Tim gia tri Ion nhat caa T

Vib,c = 0nén bc > 0. Tacod danh gia:

2 2

a < a
bc+2a+3 2a+3

(1)
. . a? a ,: e L
Ta di ching minh —— < = bang xét hi¢u:
2a+3 3

a a®> a(2a+3)-3a® a(3-a)

3 2a+3  3QRa+3)  3QRa+3)

Doa,b,c=0vaa+b+c=3nn0<a<3.Suyraa(3—a)=0va3(2a+3)>0.
r ) ~ r 2
Do d6 hi¢u s6 1uon I6n hon hoiic bing 0, dan dén —— <= (2)

Tu (1) va (2):

aZ

—S_
bc+2a+37 3

Tuong tu V6i hai phan thirc con lai va cong vé theo vé, ta co:

Q

T<a+b+c_a+b+c_3_1
-3 3 3 3 3
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Déu “=" xay ra khi va chi khi trong ba sb a, b, c c6 mét bién bang 3 va hai bién bang 0.
Vay gia tri I6n nhat caa T 1a 1 xay ra khi (a, b, ¢) 12 hoén vi caa (3,0,0)
Cau lv.

1) D& dang chitng minh ti giac EMDC nai tiép
Suy raMDC + MEC = 180

Ma MEC =ABC = ACB

Do d6 MDC + BCA = 180

Suy ra MDC = BAF (cuing bt BCA )

Xét A BAF va A MDC:

BFA = MCD (cung chin cung AB)

MDC = BAF (cmt)

suy ra A BAF ~A MDC (g-9).

2) *Chting minh S € MD:
Goi E' 1a diém d6i xting ctia A qua O (AE' 1a dudng kinh cua (0)).
Dé dang chitng minh BHCE' 1a hinh binh hanh
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Ma M 1a trung diém BC

M ciing 14 trung diém coa HE'.

Xét A HEE', ta c6 S 1a trung diém HE (gt), M 1a trung diém HE'.

=> SM la duong trung binh cia A HEE'

=> SM//EE'.

Mt khac, vi AE' 1a duong kinh nén AEE" = 90°

=> AELEE'. Tirdo suy ra SM_LAE. (1)

Goi K 1a giao diém cuia MD va AE.

Vi tir giac EMDC noi tiép, ta co MDE = MCE = BCE.

Vi E 1a diém chinh giira cung nho BC nén cung BE = cung CE, suy ra BCE = CAE (=BAE)
Trong A vudngADE (ADE = 90°), tacd AED = 90° — CAE = 90° — MDE.

=>MD_LAE. (2)

T (1), (2) => SMLAE va MDLAE suy ra S, M, D thang hang. Vay S thudc duong thang MD.

*Chting minh TSO = 90°:

Dé dang ching minh BC 1a duong trung truc caa HQ. Vi T € BC => TH = TQ.
Xét A EHF, ¢6 0 1a trung diém EF (do EF 1a duong kinh), S 1a trung diém EH => 0S 1a duong trung binh
cua A EHF => OS || HF.
Pé chiing minh 0S LST (tic TSO = 90°), ta can ching minh HF LST, twong dwong véi viéc ching minh
TF? —TH? = SF? — SH?.
Taco T, Q, F thang hang ta c6: TF2 — TH? = (EM — DH)(FM — DH) + FM? — DH?
= FM(EM + FM) — DH(EM + FM) = FE - (FM — DH)

K¢ duong cao HH' cua A FHE (H' € FE).
2(FH?+FE?)—-HE?

4

=> SF? =

FH?+FE%—HE?

2
Ma SH? ===, suy ra: SF2 — SH? = g

Lai co:
HE? = FH?> + FE? — 2FE - FH' = FH? + FE? — HE? = 2FF - FH'

Thay vao ta dugc
SF? —SH? = FE - FH'

= SF2 — SH? = FE - (FM — HD)

=>TF? —TH? = SF? — SH?.
=> HF 1ST.
Két hop voi 0S//HF, tac6 OSLST => TSO = 90° (dpcm)

3)
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Ké OP' LAF sao cho P’ € AC. Ké duong kinh BX, Y dbi xang X qua P’, G trung diém AC

P’ trung diém XY
= { G trung diém HX
O trung diém BX

= ABHY ~ AOGP' (1)

Lai c6: OP’G = 90° — P’AF = 90° — CBF = BFE = BXE
Ma AOGP' vubng tai G, ABEX vudng tai E

= AOGP' ~ ABEX (2)

Tu (1), (2) > ABHY ~ ABEX
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BE  BX
HBY = EBX
= AEBH ~ AXBY

BH BY BE BH

XY BX P'X BX
- e 5 - = —
EH BE SE BE
YXB = HEB

= ABXP' ~ ABES

=

BP' _BX =1BE_ Bx = ABSP' ~ ABEX
XBP' =EBS \SBP' = EBX
= BSP" = BEX = 90°

BS EB BS BP'

= SP'1BS (3)

Xét dudng tron thm 0, AF 1a day cung, OP' 1a mot phan cua duong kinh vudng goc véi day cung AF
=>P'A=PF (4

Tacd P € AF vathoa man:

SP1BS (5)

Tir (3) va (5), ca P va P’ déu nam trén duong thang AF = P = P’

Vi P = P’, thay vao (4) ta co:

PA = PF (Piéu phai chimg minh)

Cau V.

1) Khin = 2, chitng minh a; — a; = 4.

Theo (i),tac0 a; < a, < as, taCas; —a, =1vaa, —a; > 1.

Suyraas —a; = 2.

Giasras —a; < 4. Vias — ay 16 nguyén > 2, nén chi co thé xay ra hai trudng hop:

(*)Truong hop 1: az — a; = 2. Loai vivéin = 2, taphai co a; — a; # 2 véi moi i > j.

(*)Trudong hop 2: a3 —a, = 3. Vias —a; = (a3 — a,) + (a, — a;) = 3 va ca hai s6 hang déu 13 s6
nguyén duong, nén chi c6 2 truong hop nira xay ra:

+)Truong hopcon1l:a; —a, =1vaa, —a, =2.Loaidocéba, —a; =2 =n.

+)Truong hopcon 2: a3 —a, =2vaa, —a; = 1. Loaidocéa; —a, =2 =n.

Vay diéu gia st 12 sai, hay a; — a; > 4. (dpcm)

2) Chia tap hop céc sé nguyén > 2 thanh céc ddy gom 2n sé lién tiép:
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So ={2,3,...2n+ 1}
S, ={2+2n,2+2n+1,...2+4n—1}

S = {2+ 2kn, .2+ 2(k + Dn — 1)
Taxétbiéudién 100 =g -n+r (0<r <n)
Hay g = l%] Ta chon q tir tap S, dau tién va chon thém r phan tir tir tap S, tiép theo.
Trong tap S, chon nira dau tién gdm n s6: {2 + 2kn, 2 + 2kn + 1, ...,2 + 2kn +n — 1}.
Chon n s6 dau tix So, Sy, ..., Sq—1, (.1 50).

Chon r s6 dau tién tir tap S;: 2 + 2qn, 2 + 2qn + 1, ...,2 + 2qn + r — 1. Khi d6 phan ti thir 100 1a: a;90 =
2+2qgn+r—1=2qn+r+1

Thay r =100 — gn : a;90 = 2qn + (100 —gn) + 1 = 101 + gn

Khi do, ta can tim n < 99 dé gn dat gia tri nho nhat.

Ta xét 2 khoang cua n:

+)n=>50:Vin<99néngq = I%J = 1. Hay gn = n. Vin = 50 nén gn > 50.
Déau “=" xay ra khi va chi khi n = 50.

+)n<49:Suyraq = [1—9J > 2.

Tacingcogn <9< gn+n=qn>99—-n

Vin < 49,suyragn > 99 — 49 = 50. Hay gn > 50 véi moi n < 49.

Tir hai dénh gia trén, ta thiy gn dat gia tri nho nhat bang 50 khi va chi khi n = 50.
LGc ndy, a,qo Nho nhét s& bang 101 + 50 = 151.

Vi n = 50, ta chon day s nhu sau:

Chon 50 sb dau tién: 2,3,4,...,51. Chon 50 s6 tiép theo: 102,103,104, ...,151
Day 100 phan ti: A = {2,3,...,51} U {102,103,...,151} thoa min moi diéu kién cta dé bai.

Vay gia tri cua n dé a; oo Nho nhit la n = 50.

Tp-edu.vn Lién hé: 0349.705.576. S 2 ngd 95 Hoang Cau



